CooTHoIIeHNE CTATUCTHICCKUX CBOMCTB YHMCIa COYJIAPEHUI M JIINHDbI
TpaeTOPUN YaCTUIIbI

1 Ilenn

B namreit pabore MBI XOTHUM HANTH:
1) Pacupenesenue JjIuHbl TPAEKTOPUU JaCTULBI IIPU (DUKCUPOBAHHOM UHCJIE COYIAPEHUI ¢ APYTUMU YaCTUIIAMA
2) Pacupejesienue auciia coyJapeHuii 9acTuilbl IIpu (PUKCUPOBAHHOMN JIJIMHE €€ TPACKTOPUN

2 Cpeanss aJjiMHa CBOOOAHOIO IIpobdera

MouJiekyJibl ra3a, HaXOo/IsiICh B XaOTUIECKOM JIBUXKEHUsI, HEIIPEPBIBHO CTAJKUBAIOTCS JPYT C ApyroM. Mex iy aByMst
[IOCJIEIOBATEILHBIMIA CTOJIKHOBEHUSIMUA MOJIEKYJIBI IIPOXO/ISIT HEKOTOPBIA MyTh L, HA3BIBAEMBIM JJINHON CBOOOIHO-
ro mpobera. B obmiem ciaydae UIMHA TMyTH MEXKIY IOCTIEIOBATEILHBIMI CTOJKHOBEHUSIMU PA3/IMIHA, HO TaK KakK
MBI UM€EM JIEJI0 C OY€Hb OOJIBIIMM YHCJIOM MOJIEKYJI M OHU HAXOMATCA B OECIIOPSIOYHOM JIBUMKEHHH, TO MOXKHO
FOBOPHUTE O CpPeJHeil JIHHe CBOGOIHOTO mpobera Mosekysn L. MuHIMAIbHOE PACCTOSHEE, Ha KOTOPOe COIMIKAIOT-
Csl IPU CTOJIKHOBEHWY IIEHTPHI JIBYX MOJIEKYJI, HA3bIBAeTCsl 3(PMEKTUBHBIM AUaMeTPOM MOJIEKY/bl d. OH 3aBUCUT OT
CKOPOCTHU CTAJKUBAIONIUXCS MOJIEKYJI, T. €. OT TEMIIEPATYPbI Ta3a (HECKOJLKO YMEHbIIAETCA ¢ POCTOM TEMIIEPATY Db ).

Tak xKak 3a 1 ¢ MOJIEKyJ1a B CpeHEM MPOXOINUT IIyTh, KOTOPBIA paBeH cpeaHeil aprudMeTnIeckoil CKOPpOCTH U, 1
ec/ii Z — CpeJiHee YUCJI0 CTOTKHOBEHNUH, KOTOPbIE O/IHA MOJIEKYJIa ra3a jgeaeT 3a 1 ¢, To CpeHsisl JJIMHA CBOOOIHOTO
npobera Gyner L = g it onipejiesiennst Z IpeJicTaBUM cebe MOJIEKYJTy B BUJIE ITApUKa, JuaMeTpoM d, KOTopas JBU-
JKETCsI CPeJIM APYTUX KaK Obl 3aCTHIBITUX MOJIEKYJI. DTa MOJIEKYJIa CTOJKHETCS TOJIHKO C TEMHU MOJIEKYJIaMU, IEHTPbI
KOTOPBIX HAXOIATCS Ha PACCTOAHMAX, PABHBIX WM MEHBIMUX d, T. €. JIe’KaT BHYTPHU TaK HA3BIBAEMOTO JIOMAHOIO

WTAHIpA PAIRycoM d.

Yuco CTOJKHOBEHUIT 7z MOJEKYJbI C JPYTUMUA MOJIEKYJIAMH B CEKYHIY OyJ/IeT PaBHO UHCIY MOJIEKYJ, IEHTPBI
KOTOPBIX HAXOSATCS B [WJIMHJIPE JJINHOM, YMCJIEHHO PABHOM ¥, U JuaMeTpoM 2d. DTO UHCJIO BHIPaXKaeTcsi pOPMYJIOii:

z=nV (1)
Pacrmmem kounerTpamnuio u 06beM 3Toro mummHapa. [lomyanm:
z = nrnd*v (2)

B dopmyny HyKHO BHECTHU MONMPABKY Ha TO, 9TO JAaHHAs MOJEKY/Ia CTAJKUBAETCS HE C HEMOIBUKHBIMUA MOJIEKY-
JIaMH, & C JIBUXKYIIAMECS. DTO 00CTOSITEILCTBO Oy/1€T yUTEHO, €CJIU BMECTO CPEJIHEll aDCOIIOTHON CKOPOCTH 3aIIUCATH
CPEJIHIOI0 OTHOCUTETbHYIO cKOpocTh. Ho ckopocTh - BekTOop. IloaTOMY B CpeHEM CKOPOCTU CTAJIKHBAIONTUXCS MOJIE-
KyJ1 Oy/IyT MeprneHIuKyJIsipabl Apyr apyry. Orcroma:

Vel = V2 % D (3)

Wroro moxydaem:

z = V2nnd*v (4)

Haitnem niuay cBoboaHOTO mpobera

]
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= V2rd*n (5)



3 Pacnpegenenue JjmHBI CBOOOIHOIO IIpobdera

Borunciiennas panee cpepss jummHa cBoGomHOro npobera (5) maer JUilb 3HAUEHUE, YCPEJIHEHHOE HO OOJIBIIOMY
YUCJIY CTOJKHOBEHHUH. UTOObI HAMTH, KAK KOHKPETHO U3MEHSIOTCS JIJIMHBI CBOOOITHOTO ITpobera, cHataIa HeOOX0INMO
BBIYHUC/IATH BEPOSITHOCTH TOI'O, YTO MOJIEKYJIa MPOMJIET IIOCJI€ CBOETO ITOCJIEIHErO COYJIAPEHUsl IyTh X, HU pa3y He
CTOJIKHYBIIUCH C ApYruMu MoJiekysiamu. OdeBuno, uro byHKIWa pacupenesenns F(x) H0/pKHA YIOBIETBOPIThH
yeosusim F'(0) =1 n F(o0) = 0.

IIpeamonokumM, ITO TPEILICTOPHST MOJIEKYJIBI HE BJIMSET HA BEPOSITHOCTDH COYIAPEHMUIA, T. €. BEPOSITHOCTH COY/Ia-
peHus B JIIOOOM CJIytae COBEPIIEHHO HE 3aBUCHUT OT TOT'O, CTAJIKUBAJIACEH JTU MOJIEKYJ/Ia TOJIBKO TO, U OHA MPOIILIa
60JIbI1I0#1 Ty Th 6e3 crojikHOBeHuil. Torna BeposiTHOCTD TOTO, YTO MOJIEKYJIA IIPoiiieT 663 CTOJKHOBEHUI PACCTOSIHIE
r = x1 + T2 OyIer paBHA IPOU3BEJIEHUIO BEPOSITHOCTEN MPONUTH O3 COy/apeHnii MyTh T1 U Ty COOTBETCTBEHHO:

F(r) = F(x1 + z3) = F(z1)F(22) (6)
YpaBHeHns 3TOro THIIA UMEIOT €IUHCTBEHHOE pellleHue BUia:
F(z) = ke (7)

Haiinem mapamerpst k n A. Tereps HaiizeM BepOSTHOCTB TOTO, UTO MOJIEKYJa IPOiIeT MyTh 6e3 CTOJKHOBeHMI,
HO 00s13aTeJIbHO CTOJKHETCs Ha CJIe/yoleM orpeske Az. 910 u GyieT HCKOMOI IUIOTHOCTBIO pacupenesnenus f(x)
JJIAH CBOOOTHBIX ITPOOETOB.

Besmuuna F(Az) ecTb BepOATHOCTL TOrO, 9TO MOJIEKYJIa poiiger myTh A 6e3 cronkuosennii. Torga 1 — F(Ax)
OyJleT BEpOSTHOCTBIO CTOJIKHOBeHus B HHTep-pasie A. Cienosarensho, f(x) 6yner pasuo F(x) (BepogTHOCTH TOIO,
ITO MOJIEKYJIA MIPOHIET My Th & 0€3 CTOJIKHOBeHHit ), ymMHOKeHHOH Ha 1 — F(Ax):

f(@)Az = F(z)(1 — F(Az)) = F(z) — F(z + Ax) (8)

nJI

fla) = == )

flx) = ——— (10)
Hocrne samensr F(x) = e~ (k=1 B cuy yeosuit F(0) = 1):
F() = re (11)

Cpeiee 3HaUEHNE JTIMHBI CBOOOIHOTO Tpobera L paBHO:

- oo B oo .
Lf/O xf(x)dxf/\/o ze “dx (12)

W3 sToro naTerpupoBaHus HEMIOCPEICTBEHHO CJIE/LYET, ITO:

_1
L=+ (13)

?)Ha,‘{I/IT B UTOre IJIOTHOCTDL pacupeaeieHud MO2KHO BbIDa3UTh B BH/IE!:
1 _
—z/L
flx) = e (14)
L
IIo CyTH 3KCIIOHEHIIaJIbHOE y6LIBaHI/Ie 9TOr'0 BbIPpazKE€HUsA O3Ha4Ya€T, YTO BEPOATHOCTDL JIeTeThb J0JII'0, HE UCIBITHI-

Basi CTOJIKHOBEHUI1, MEHBIIIE, 9eM BEPOSITHOCTb HE CTOJKHYThCS. 10 eCTh MaJjible PACCTOSHUS CBOOOIHOIO IIpodera
BeposATHEll, YeM OosIbIIHIe.



4 llepexona K pacipejieJIeHUIO JJIMHBI CBOOOHOrO Irpodera 1mmpu puKcu-
POBaAHHOM 4YHCJI€ CTOJIKHOBEHUIA

B npespliyeM IMyHKTe Mbl HAIIUIA PaclpejieHne JJIMHbL cBoboaHoro npobera (14) mis oxsoro coymaperus. O6o-
3HAYUM COOTBETCTBEHHO €e€:

file) = et (15)

[Tepeiiem K cirydaio ¢ 2 CTOTKHOBEHUSIMA. BBeJIEM JINCKPETHYIO JJINHY, & HIMEHHO Pa300beM TPAGKTOPHUIO YACTHUIIHI
Ha Masienbkue yactu Al. Ilycts [y = mAl - pjuHa cBoOOIHOrO IIpobera J0 IEPBOrO CTOJKHOBEHHs. BeposiTHOTH
CTOJIKHOBEHUsI Ha m-OM uHTepBaje pasHa f1(z = mAl)Al.

Torma BeposiTHOCTH COOBITHSI, ITO CJIEAYIOIIEe CTOJKHOBEHUE ITPOM30MIET IPH JIJINHE TPAEKTOPUH [, IPU YCJIOBUH,
YTO IePBOE CTOJKHOBEHUE ObLIO Ha 1-OM HMHTepBaJe(TO eCTh Npu JyiMHe Tpaekropuu 1 = mAl) Gymer paBHO
f1(l = 1l1)Al. D10 coorBercTBYeT TOMY, YTO PACCTOSHUE MEXKJY LEPBBIM U BTODPBIM CTOJIKHOBEHUAMU ObLIO [ — 1.
[TockosibKy HAC HHTEPECYET TOJIHKO MOMEHT IOSIBJICHHST BTOPOT'O CTOJIKHOBEHUSI, & MIEPBBII MOXKET [IPH JIFO00M JITTHHE
TPAEKTOPHUH, TO, IIPUMEHsIsI (DOPMYJLY IIOJIHON BEPOSITHOCTH, ITOJLyYaeM

fa(x)Al = i fi(mADALf (x — mAl)Al (16)

m=1

[Tepexomst K HEIPEPBIBHON JIMHE TPAEKTOPUU U UHTETPUPYS IO [, TOIydaeM

f) = [ G- i =3 [Cow (<1 )ow (-5 )a an

B urore pacupejesienue JiJjisd 2 CTOJIKHOBEHUN MOXKHO BbBIPpa3UTh Yepe3 paclipejesieHnue JIJId 1 cronkHOBEHUS

T

faw) = Fexp (=7 ) = T @) (18)

Paccy)K,zLaﬂ aHaJIOTUYIHO JIJIdd JJIMHBI TPACKTOPUN IIPU TPEThEM CTOJIKHOBEHUU, I10JTydaeM

fg(x)/omfg(l)fg(xl)dl ;/{)wexp (é) exp <xil>dl, (19)

fa@) = s exp (=F) = 5= fala) (20)

IMonyuas anamornaro mis fq(z) u aus f5(x) MOXKHO 3aMETUTH 3aKOHOMEPHOCTD [ 11(x) = (z/L) f,(x) u, cremosa-
TEeJIbHO, BBIIUCATH UTOrOBYIO0 (hopMyny (3) INIOTHOCTH PACIpejiesieHusl JIMHBI CBOGOIHOTO pobera npu buKcupo-
BaHHBIX 71 COY/IAPEHUSIX

an_l

(n—1)Ln P (‘%) 21)

Bamernm, 9TO T0JIyUeHHOE pacnpesesnerne (21) siesiercst Tamma-pacnpesieserneM. VIMEHHO ero MOXKHO HaBJIIOIAT
npu padore B pezkume Nel. BazkHO OTMETUTH, UTO B JAHHOM CJIydae & - CIyvaliHas BeJuduHa (JJIMHA TPACKTOPUH),
a n - dbuxcnpopano (duciao coynapennii). OCHOBHBIC XapaKTePUCTHKH: MATOXKHUJAHNe < T >= nl W Jucrepcus
02 =n?L

fn(x) =

5 Pacnpenesienne dncja CTOJTKHOBEHU ITpu (PUKCUPOBAHHOIM JIJTTHE TPa-
€KTOPUUN YaCTUIIbI

Haiisiem BeposiTHOCTB TOTO, 9TO K MOMEHTY, KOI'/Ia JJINHA TPAETOPHH YaCTUIIBI PABHA T, OHA CTOJIKHYJIACH C JPYTHIMHI
JacTunaMu n pas. To ectb, B oTiumtdne oT ['amMMa-pacipeiesieHust, N sABJASIETCs CIyYalfHON BEJIUINHON, a T - TapaMeTp
pacIpe/iejleHus.

BeposTHOCTD COOBITHSI, 9TO N-0€ CTOJIKHOBEHUE IIPOU3OILIO B MAJIOM UHTPEBAJIE [0 JjIuHe TpaekTopuu (&, r + Ax)
ompegessercsa lamma-pacupezenenueM (21) 1o OnpeeIeHuIo IIIOTHOCTU BEPOSITHOCTH

l.n

frv1(@) Az = L+t exp (—%> Az (22)



D10 ke cobbITUE COCTOUT M3 JIBYX HE3aBUCUMBIX cOObITuil: (I) 70 MOMEHTa ¢ JJIMHOW TPACKTOPUH X OBLIO POBHO
n cToJkHOBeHUi ¢ BepositHOCTHIO Pr(n) u (IT) Ha unTepBase Ax NOsSBIIOCH N + 1 CTONIKHOBEHUE C BEPOSTHOCTHIO
L~ Az. TTonyuaem
fn+1(x)A$ T
Pr(n) = —S—2a— = fnra(@)L (23)
L=1Ax

W3 sroro nosyuaeM OKOHYATETHHYIO (GOPMYILY JIJIsI PACIIPEIeICHUST

(e/L)"e=/"

Pa(n) = n!

(24)

JesaeM BBIBOJI: UTOTOBOE DACHpPEJIe€HNE UHCIa CTOJIKHOBEHUI YaCTUIBI [IPU 3aJ@HHOI JynHe Tpaetopun (24)
apisercs [laycconoBckuM. Ero ocHOBHBIE XapaKTepUCTHKI

[V

, o2="2 (25)

<n>= =
L
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