CyMMupoBaHU€e AUCKPETHBLIX CJIyYailHbIX
BeJINYNH

1 WHCcTpyKnusa K AeMOHCTPaIuu

ITonp30BaTE b MOXKET 3a/IaTh PACIHpEJIeIeIeHNe CIIy9aifHOM
BEeJIMUWHBI, HAaXXKWMasi Ha TI'paduK, W B COOTBETCTBYIOIIE
Touke Oyner "Boipactarh" crToGeI-BeposiTHOCTH. [Ipmyem
cepasi obstacThb Ha ¢ouHe rpaduka orodbpazkaer "cBobomHy",
elié He PaCIpeIeJIeHHYI0 BepOsiTHOCTh. BBOJT paciipeiesieHust
3aBEPIIAETCS, KOTJA CyMMa BEPOSITHOCTEH  3aJIaHHBIX
crosibnos pasaa 1. Kpome Toro, ectb BO3MOXKHOCTH BBIOPATH
pacrpejejiedre u3 MabJOHHBIX. KCTh BO3MOXKHOCTDH 3a/aTh
KOJIMYECTBO 3HAUYCHUIT, IPUHAMAECMbBIX CJIydYailHO BEJIUIUHONA.
Ectb Bo3MOXKHOCTD /Iy0IMpOBaThH MEPBOE pACIpE/Ie/IeHIe Ha,
paBoM rpacduke.

Haumnraercst mpomecc cymmupoBanus.  ['mcrorpaMMbl
CcOMMAKAIOTCS APYT C APYTOM, W KOLJa CTOJIOIBI C HOMEPAMU
i1, @2 COBIAJAIOT, TO HA TPadUKE CYMMBI IOSBJISETCS
COOTBETCTBYIOIINiT CTOI0EI, COOTBETCTBYIOIIUI HOMEPY %1 +
1. IIo wrory cymmmpoBanus dopmupyercs rpaduk
CYMMBI CJTyYalHBIX BeJUYUH. ECTh BO3MOXKHOCTH MOCTABUTH
JIEMOHCTPALUIO Ha I1ay3y (Hampumep, 9ToObl yOequThCsd B
BEPHOCTH HOCTPOeHUsl Ipadura cyMmbl). JIOHOIHUTENHLHO
[0 KHOIKE MOYXKHO O0TO0pasuTh (OpPMyJy JJjs CyMMBbI
pacIpeieaeHuii.

Hamnee rpaduk cyMMBbI MOYXKET OBITH HCIOJIB30BAH JIJIst
CYMMHUPOBaHUs Ha cJeayiomeM Imare. Ha woBoMm 1mare
OymeT CyMMHUpPOBATLCS CiaydaiiHas Beamanaa Nel u cymma
CIyJafHbIX BEJIUIUH.

DTOT TPOIECC MOYXKHO IOBTOPSTH HECKOJIbKO —Dpas,
HaDJIIO/IAsl, KaK CyMMa pacrpejiesieHuil npubJmKkaeTcs K
HOpMaJibHOMY.  JIJIsi HAIJISTHOCTH €CTh BO3MOXKHOCTB 110
KHOIIKE 0TOOpa3uTh rpaduK HOPMAJBHOTO PACIIPEIETICHUS.
B mpaBom BepxHeMm yriry 0TOOpazkaercsi HOMep Iara, 3aCaer
9ero MOXKHO yCTAHOBUTD, HA KAKOM Iare CyMMa JJOCTATOYHO
061M3KO0 TPUOJIMKAETCI K HOpMaIbHOMY. J[OTOTHUTE/HHO, 110

KHOKE€ MOXKHO II€epe3allyCTUTDh JEMOHCTPAIIUIO.

2 O cjoX»XeHuum MpPOoCTO

ITycTh MBI MMeEeM JIBE KOHEYHBIX CJIy9IaiflHbIX JUCKPETHDBIX
BEJIMIMHBI, C pacIpeleeHusMu BeposTHOCTeH & ~ Pe(n)
un ~ DPy(m), tne n,m € . Torma mocyuTaem
pacupejieJleHne CyMMBbI CJIyYaiiHbIX BeJauduH. Jlns aToro
ONIpeJIETMM ~MHOXKECTBO BCeX 3HAYCHWH, NPHHAMAEMBIX
CIIyJalHOM BEJTMINHON CYyMMBI: IIyCTh & IPUHUMAET 3HAYCHUS
A = {aj,a9,...;a,} w7 B = {b,bs,....,b}, ToOrma
OYEBUJIHO, UTO MHOXKECTBO 3HAYEHUIN CyMMBI IIPEJCTABUMO B
suge C = |J U {a; +b;}, npu gem BeposTHOCTL KazKaoro
acAbeB
ssmemenTa pasHa Pe(§ = a;)P,(n = bj). Ognako B
o0IIeM cjIydae BApUaHTOB KOMOMHAIINN 3HAYEHUN CIIy JailHbIX
BEJIMIAH MOXKET OBITh HECKOJBKO, & MOTOMY JJIsl TOJTy YeHuUsT
MIOJTHOM BEPOSTHOCTHU JJIsT KAKJIOTO 3HAYEHUS CyMMBI, HAM
MOTpeBYETCsT TMPOBECTH  ONEPAIMIO  CJIOXKEHUsI CJIEYIOIIETO

BUA:

P+n=ceC)= [] Pe(a)P,b) =

a+b=c
acA,beB
=Y " P(i)Py(c—i) =D Pe(c—1i)P,(i)
i€IN i€IN

3 IloBTopenue

M3 kypca Teopum BEPOSATHOCTH BaM YK€ H3BECTHBI TPHU
OCHOBHBIX POJIa pacipejiejieHuii, a u3 teopembl Jlebera, Bbl
3HaeTe, 9TO abCOJIFOTHO JII00OE paclpeie/ieHne CIIyIailHOM
BEJIMYMHBI MOXKET OBITH PA3JI0YKEHO B BBIMYKJIYIO O00OJIOUKY
TpexX TaKuX pacIlpelesIeHui.

OCHOBOTIOJIATAIOIIMM 1 CAMBIM ITPOCTBIM JIJTsl IOHUMAHUS C
TOYKHU 3PEHUS HAIIETO XKIU3HEHHOT'O OIbITA, SIBJIAETCS UMEHHO
JIMCKpeTHOe pacupeiesenne. lesibio paboThl SIBJISIETCS €Il
pa3 BCIIOMHHUTH O HEM, €ro 3aKOHaX, a TaK Ke MPEeJICTABUTH
HATJISITHBIM 00PAa30M OTIEPAITUIO CJIOKEHUS JBYX JUCKPETHBIX
CITyJalHBIX BEJTMIUH.

Bemem Bce wHyx)HBIE I JAJBHEHNNX  BBIKJIAIO0K
OIIpe/ieJIEHNs] W TEPMUHBI, a 3a OJHO BCIIOMHUM HAYaJIa
kypca Teopum BepositHocreii. 3a@aJIMMCsi  BOIIPOCOM,
KOIJI]a WMEHHO BO3HUKAET IOTPEOHOCTh B PacCMOTPEHHUH
MMEHHO CTOXaCTUYECKON MO MpH aHaJu3e KaKOro-
subo mporecca? i 9TOro HAOIIOIAEMBIN IKCIIEPUMEHT
JIOJI?KeH OBITH BOCIPOMU3BOAMMBIM, & TaK K€ B HEM JOJIZKEH
MIPUCYTCTBOBATL 3ddeKT ciaydaitnoctu. Bsemem ocHoBHOE
[IOHSATHE TeOpUu BeposiTHOcTelr — KoJIMOropoBy TpPOIKY B
kiaccuueckoMm Buge (Q, A, P).  3mece ) — MHOXKeCTBO
BCEX HUCXOJOB AHAJM3NPYEMOrO IKCIIEPUMEHTA, TJe KaXKJIbIii
9JIEMEHT W HA3BIBAETCHA IJIEMEHTAPHLIM HCXOJOM. DByzem
paccMaTpuBaTh MHOXKECTBO A KaK MHOYKECTBO Da3JIMIHBIX
[TOJIMHOXKECTB MHOXKeCTBa, (), JijIsi KOTOPOI'O BBIITOJIHSFOTCS
ycjioBust Ha o-ajaredbpy. Haj ssementamu muOXKecTBa A
omnpeJieinM BepositHocTHYIO Mepy P 1 A — R, obsiaatonryio
CJIETYIOTIMME CBONCTBaMUI

e P(a € A) >0 ne ompuyameavrocmo

e P(Q) =1 nopmuposka

° VAl,AQ,...,An,... EA,
AA =2 #7):P(Ujmy Ai) =X o P(A) cuemmnan
addumueHoCmb
Torma mapy (£,.A4) OymeM Ha3bBATH W3MEPUMbBIM
IPOCTPAHCTBOM,  ONpEJEJIeHue KOTOPOrO  COCTOMT U3
MHOKECTBA, W O-aJreOpbl HaJ HAM. JIerko y6emuThest, 9To
napa (R,B), rume B — Bopenesckas o-airebpbl, Tak Ke

SIBJISIETCST M3MEPUMBIM MHOXKecTBOM.  OIpesiesiuM TOHSITHE
n3MepuMOil  (DYHKIMM HaJ| TAKUMHU JIByMsI HU3MEPUMBIMU
npocTpaHcTBaMu: £ - W3MEpUMOe OTOOpaXKeHue, ecJjiu
¢1(B) ={w:€{w) € B} € F VB € B. Torna nusmepumas
dbyurnus £ : () — R gBisieTcs 110 OIpeIesIeHnIo CIy JaitHOM
BeJIMYMHOI, neiicrByioreii u3 ) B R



Kak Bbl yxke 3Haere, ciydaiinble BeJUYUHBI yTOOHBI B
HCIOJIb30BAHUM TeM, HUTO IO3BOJISIOT IMEPEeNTH TOJBKO K
UX HCCJIEeJOBAHUIO, JaKe eCJIM HCCJIeJloBaTelb HUYEro He
3HAET O HAYAJBHOM pacupejeieHud (Kak 3TO U ObIBAeT
B 3ajadax crarucruku). JleldcTBUTEIbHO, OUpPEAEIUM Ha
msmepumoMm mpoctparcte (R,B) mepy Pe(b € B) =
P w)€eb) = Pla € A, e a = {w € Q: {w) €
b}. TloayuuMm HOBOe BEpPOSITHOCTHOE IIPOCTPAHCTBO, UTO
NPUHATO HA3bIBATh UHIYIUPOBAHHBLIM CJIy4YaliHON BeIM4nHON
&, Ot mee ke Jerko mepeiiTu K Oostee ymoOHOMY IJist
HAC B U3YyYEHUM MOHATHUIO DAaCUpele/ieHns, KakK (OYHKIHUH
Fe(z) = Pe((—inf;2) € B) = P(§ < x). Jlerko ybeaurncs,
qTo BRIOOp (—inf;x) He eAMHCTBEHEH, W BMECTO 3HAKA <
MOI' CTOATH JIF00OOI APYroif 3HAK HEpaBEHCTBA, IPHU JIFOOOM
BbIOOpe (DYHKIMS paCIpee/ieHns] OJHO3HAYHO OIIPEIe/IseT
pacupeziesieHue CIIy4JailHOM BeJINYINHBI.

N(w) =D (@i + ¥j) e, ()= 0 (w)=y, | wea}
acA
Torma ov1eBUIHO, UTO BEPOSITHOCTH KaXKJIOTO U3 3HAUCHUIT
CJIyJalHOM BeJIMYWHBI 7) OyJIeT HCXOIUTh U3 BEPOATHOCTH
upuHATAs 3HadeHns 1 MHIUKATOPOM 1 ¢, (w)=x,; £, (w)=y;wea}-
Haiinem Takyto BEpOSITHOCTD, IIPU OIIPE/IEIEHUN UHINKATOPA:

lLwed
]lA(w){O we A

Torma P(Lg, (w)=z: t2(w)=y,wea} = 1) =

P(&1(w) = @i, &2(w) = ;) = P& (2:), 65 ' (7)) =

P(A € AB € A), tne A monusiii npoobpaz &' (z;),
a B nommbii mpoobpas coorsercrenno i & (yj).
BepaeMcss K yCJIOBUIO HE3aBUCUMOCTH JBYX CJIy9IailHBIX
BEJIUINH. Tlomyamm, wro mr00bIe Tpoobpasbr &1 u Eo
HE3ABUCUMBIE COOBITHS, & 3HAYUT Mbl UMEEM TIPABO PACIIHCATD

4 Hepexogj; K JNCKpPEeTHbIM CJIy‘Ia,I'?’IHLIM IIOJIyYUBIII€eCs PABEHCTBO KaK:

BeJINMYYNMHaM

Bysnem roesopurh, uro wmHOXKECTBO A — cYeTHO, WK
K€ 9TO CJydaiiHas BeJMYWHa IPUHAMAaeT He OoJsiee {eM
CcUeTHOE KOJMYIeCTBO 3HadeHWil. B Takom ciayvae ciaydaiinast
BEeJIMYNHA, CIOCOOHA OBITH WPEJCTAaBIeHa B BUJE HAOOPa
nap 3Ha4YeHuil/BEPOATHOCTEl UX NPUHATH. SAIUIIEM TO B
KAHOHUYIECKOM BHUJE TabJINIIBI

ES
| Pn

Torpa Jlerko NpeJcTaBUTh BUJ, (DYHKIUN paCIpPeIe/IeHIs
Takoil ciaydvaitHoit Besmuubb:  Ppi(x) = Zz <aPis A
caMy CIy49aiiHyl0 BeJMYUHY IIpH pPa3OHEHMH HAYaJbLHOTO
MHOXKecTBa, () Ha  COBMECTHO He IepeceKalolluecs
HOJMHOZKECTBa II03BOJIAET HaM IPEJCTaBUTh B BUJE CYyMMBI
UHIIKATOPOB:

£= Z Til{e(w)=z; wea), G0 =, i F ]
acA

5 He3aBucmmbie Cﬂy‘laﬁHbIe BeJINYNMHDBI

OrmpefiesiiM TOHSITHE He3aBUCUMBIX cobbrtmit: A, B € A
He3aBucumble cobeitust, eciu P(AB) = P(A)P(B). Torma
6y/IeM TOBOPUTD, UTO CIYUAHHBIE BEJIUIUHBL U 1) U3 OJHOTO
M3MEPUMOTO TPOCTPAHCTBA — HE3aBUCHMBI, €CJIM TIOJTHBIE
poo6pa3el JTIOOBIX TPUHUMAEMbBIX 3HAYEHUN BEJIUIUHBI &
HE3aBUCUMbBI OTHOCHTEJILHO MOJIHBIX [TPOOOPA30B BEJIUUNH,
IPUHUMAEMBIX 7).

6 MaremaTrudeckuii annapar,
CTOSINNUIA 3a HAIllel JIEMOHCTpaIen

Temepn ammapar, CTOAIWA  3a
CJIOYKEHUEM HE3aBUCUMBIX JIMCKPETHBIX BesmanH. Otpeiennm
ciayuaitnyto semmauny & = {(z1,p1),... (zn,pl)} u & =
{(y1,p3), - (Yn,pL,)}. Torga onpesesum HOBYIO CIIyHaitHyIO
BesmuauHy 1) = & + €2 U MOCMOTPUM, KakK OyJIeT BBIIVISAJIETD
pacupenesieHne Tako#l ciydaitHoit Besmuwmubl.  [locTpomm
Takoe Herrepecekaroleecsi pasouenue ), 9ro:

MBI T'OTOBBI OIIMCAaTb

P(]l{&(w):wi,ﬁz(w):yj\wEa} = 1) = P(fl(w) = IZ>P(£2(W) = yj)

A 3HAUUT UCXOJHAS CyMMa MOXKET OBITH IEPEIUCAHA B
BUIE:

W) = Y (@ + Y5) L e @)=l wea) Lga(w)=y, | wea)
acA

IIpu gem Takas cymMma MPOBOAWTCS IO TAKOMY Pa3bMEHUIO
HAYAJILHOTO MHOXKeCTBa (), 9UTO KaxKJjoe IOIMHOXKECTBO
MHOXKecTBO a € A cooTBeTcByMOIEe 4/j 3HAUEHUSAM He
TIepeceKaeTcs ¢ IPYTUMHU MHOXKECTBAMU U3 PAa30ueHns, a caMa,
7) MOYXKeT OBITH 3alMCAHA!

n |ty [zt | | Tn 4 Ym—1 | Tn+ Um

Pn=u) | pt xpi | p3 xpi | | Pr X Dt | P X Pr,

Harmma nemoncrparniust mpu3BaHa HAIVISTHO TOKA3aTh, KaK
pOXKJiaeTcs paclpejiesieHne CyMMBbl CIy4YailHbIX BeJIUYUH B
IIPEJIIIOJIO?KEHAN, YTO BCe CiIydaiiHble BeJIMYUHBI, BXOJAIINE
B psJi, HE3ABUCUMBI B COBOKymHOCTH. Ha 1mesme ke pemko
IIPUXOJIUTCSL TOBOPUTh HE TOJBKO O HE3aBUCUMOCTH B
COBOKYIHOCTH CJIYYaiHbIX BEJIMYMH U3 OJIHOTO U3MEPUMOIO

[IPOCTPAHCTBA, HO HE PEAKO ObIBAET U HEBO3MOXKHOCTD
YTBEPKJIaTh O [OIIAPHON  HE3aBUCUMOCTHU  CJIy4alHbIX
BEJIMYNH.

7 DBoubliie o cJoXKeHuu CciaydaiiHbIX
BeJIUYUH

B obmem caygae wHenb3s yTBEP:KIAATH, UTO OIMEPAITAsT
CJIOXKEHUSI JIBYX CJIyJalHBIX BEJUYUH JlaXkKe U3 OJIHOTO
pacrpejiejieHusi He BBIBOIUT PE3YJABTUPYIONIYIO BEJTHIHNHY
u3 KJlacca JAHHOrO pacupejesenus. Eciau ke ciaydaiinas
BEeJIMYMHA MOXKET OBITh IIPEICTAaBICHA KaK CyMMa IBYX

CIyJaiHbIX BEJUYMH, YTO MMEIOT TaKOU Ke KJIacC
paclupenesaeHuii, dYTo U pe3yJbTUPYIONIAd  CJiydaiinas
BeJIMYUHA, TO TaKad BeJUYMHA Ha3blBAeTCA JIeJIMMOM.
COOTBETCTBEHHO, €CJIM OIepalsl CJIOXKEHUsI He BBIBOIUT

3a paMKHU KJjacca pacIlpeesieHus], TO TaKoe paclpeseseHue
HA3bIBAETCA GE3rPAHUYHO AEeJIMMbIM

TakoBbIMEU, HATPUMED, ABIAIOTCA pacupeierenne Kormn,
IIyaccona, Hopmambuoe m Tamma pacmpemenenue. "3



Teopembl KousimoropoBa ciemyer kKpurepuil 06e3rpaHUYHOl MPOYTEHUIO BCEM, KTO XOYET yIVIYOUTH CBOU 3HAHUS B TEOPHHU
JemuMocTu pacnpepeneHusi: Jlns Toro, 4UToObl (DYHKINS BEPOSITHOCTU U HAYUIUTH TPUMEHSTH €€ Ha MPAKTUKE:

pacupenenenua  P(x) ¢  KomeuHoil jucnepcueili  GbLia
OECKOHEYHO JIeMMO, HEOOXOAUMO M JOCTATOYHO, YUTOODI
Jorapudm eé xapakTepucTuieckoii byHkimn ¢(t) umes Bu:

it _ 1 g

2

Inp(t) =iyt + / dG(z)

— 00

8 Pekomenayemasi aureparypa

Jlureparypa, omnmcaHHasi HIKE HE TOJBKO HCIIOJIH30BAJIACh
NIPU HAIIUCAHWU TEOPUU PaAbOTBI, HO U PEKOMEHIYyeTCsS K
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